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I. Duursma defined the zeta function for the geometric Goppa code in [1]
and later he extended the definition to any linear codes. For self-dual codes, the
zeta functions contain deep structures similar to those of algebraic curves and we
can formulate an analogue of the Riemann hypothesis. This report is a survey of
Duursma’s work.
1
1999 , [1] Iwan Duusma zeta .
Goppa Hamming
. , zeta ([2]), ,
.
[3] , Riemann




zeta , zeta ,
.
, [2], [3] , zeta Duursma
.
2 zeta
zeta , (weight enumerator) .
, Hamming . $p$ , $q=p^{f}(r\geq 1)$ , $C$
1361 2004 91-101
92
$\mathrm{F}_{q}$ $[n, k, d]$ . $c\in C$ Hamming $\mathrm{w}\mathrm{t}$ (c)
,
$A_{i}:=\#\{c\in C ; \mathrm{w}\mathrm{t}(c)=i\}$
,
$W_{C}(x, y):= \sum_{i=0}^{n}A_{i}x^{n-i}y^{i}$
$C$ . $x,$ $y$ $n$ . , zeta
:
2.1 $C$ , $n-d$ $P(T)\in \mathrm{Q}[T]$ 1 ,
$. \frac{P(T)}{(1-T)(1-qT)}(y(1-T)+xT)^{n}=\cdots+\frac{Wc(x,y)-x^{n}}{q-1}T^{n-d}+\cdot\cdot L$
. $P$ (T) $C$ zeta , $Z$ (T) $:=P(T)/\{(1-T)(1-qT)\}$ $C$ zeta
.
, .
, $T$ , .
$\frac{1}{1-T}$ $=$ $1+T+T^{2}+\cdots$ ,
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$\wedge^{\theta}$ . ,
$f(T):= \frac{(y(1-T)+xT)^{n}}{(1-T)(1-qT)}$




$\{$ $\}$ $(y(1-T)+xT)^{n}=((x-y)T+y)^{n}$ ($T$
) 2 , $(1+c_{1}T+c_{2}T^{2}+\cdots)$ l/{(l-T)(l--qT)}
. 1, $T_{:}T^{2},$ $\cdots,$ $T^{n-d}$ . ,
$b_{i^{j}}$ ,
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. , ( $W_{C}$ (x, $y)-x^{n}$ ) $/(q-1)=(A_{d}x^{n-dd}y+\cdots+A_{n}y^{n})/(q-1)$
, , $a_{0},$ $a_{1},$ , . $.,$ $a_{n-d}$ (
1 ). , (2.1) $b_{00}=1$ ( $y^{n}$ 1









, $b_{i0}$ 2 $(\begin{array}{l}ni\end{array})$ ,
. $a_{0}+a_{1}T+\cdots+a_{n-d}T^{n-d}=P$ (T)
.
, zeta $P$ (T) , $W_{C}$ (x, $y$ )
, $x,$ $y$ $n$
. , MDS ( )
1
[$n,$ $k$ , $C$ $d=n-k+1$ , $C$ MDS .
Singleton $d\leq n-k+1$ . $d=n-k+1$
, MDS $n,$ $d$ ([5, Ch. 11 \S 3]). ,
84
MDS $M_{n,d}$ (x, $y$ ) , $M_{n,d}$ (x, $y$ )
. , .
, $M_{n,d}$ (x, $y$ ) $x,$ $y$ $n$ , zeta
. , :
2.2 MDS zeta $P(T)=1$ . , $P(T)=1$ zeta
MDS .
. [2, p.59]. 1
:
2.3 $[n, k, d]$ $C$ $W_{C}$ (x, $y$) , zeta
$P(T)=a_{0}+a_{1}T+\cdots+a,Tr$ ,
V $(x, y)=a_{0}M_{n,d}$ (x, $y$ ) $+a_{1}M_{n,d+1}$ (x, $y$) $+\cdots+a_{f}M_{n,d+r}$ (x, $y$).
, zeta . Zeta
, MDS ,
.
, zeta . $\mathrm{C}$ $\mathrm{F}_{q}$
,





$\mathcal{P}(t)\in \mathrm{Z}[t]$ ( $\mathcal{P}(t)$ $\mathrm{C}$ zeta
).
3 $<$
$C$ $\mathrm{F}_{q}$ [$n,$ $k$ , . $C$ C
$C^{[perp]}:=\{u\in \mathrm{F}^{\mathrm{n}}q ; u\cdot v=0,\forall v\in C\}$
. , $u=$ $(u_{1}, u2, \cdot. . , u_{n}),$ $v=(v_{1}, v2, \cdot. . , v_{n})\in \mathrm{F}_{q}^{n}$ , $u\cdot v=$
$u_{1}v_{1}+u_{2}v_{2}+\cdots+unvn$ . C , $k^{[perp]}(=n-k),$ $d$ \perp
, $C$ $C^{[perp]}=C$ .
, ( ) zeta :
$\mathrm{s}s$
$3\cdot 1$ $C$ zeta $P$ (T) .
(1) $\mathrm{d}\mathrm{e}^{\mathrm{g}}P(T)=n+2-d-d^{[perp]}$
(2) $C^{[perp]}$ zeta , zeta $P^{[perp]}(T),$ $Z$ \perp (T) ,
$P^{[perp]}(T)$ $=$ $P( \frac{1}{qT})q^{g}T_{:}^{\mathit{9}+\mathit{9}^{[perp]}}$




, $C$ , $P(T)=P^{[perp]}(T)$ ,
$(1)’\mathrm{d}\mathrm{e}^{\mathrm{g}}P(T)=2^{g}$ .
(2)’
$P(T)$ $=$ $P( \frac{1}{qT})q^{g}T^{2^{g}}$ ,
$Z(T)$ $=$ $Z( \frac{1}{qT})q^{g-1}T^{2^{g}-2}$
.
Duursma $g$ $C$ (genus) . ,
( ) . ,
$C$ .
MacWilliams
$W_{C}[perp](x, y)= \frac{1}{\# C}Vc(x+(q-1)y, x-y)$
([5, p.146, Th. 13]) MDS ( 2.3) (cf. [2, p.59]).
zeta $\mathcal{P}$ (t), zeta $Z$ (t) ,
. $C$ $g$ , $\deg \mathcal{P}(t)=2g$ ,
$\mathcal{P}(t)$ $= \mathcal{P}(\frac{1}{qt})q^{g}t^{2^{g}}$ ,




zeta , $\lceil \mathrm{R}\mathrm{i}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{n}$ (We
) .
$\mathcal{P}(t)\text{ }\mathfrak{l}\mathrm{f},\#\sigma)\backslash \mathrm{f}\mu \mathrm{R}\alpha l^{f}.x\gamma_{\backslash }$ $\vee C$ , $| \alpha|=\frac{1}{\sqrt{q}}$
. , zeta $P$ (T) ,
. 1 :




. $[3, \mathrm{p}.118]$ . $1$
$P$ (T) $\alpha_{1},$ $\alpha_{2,)}\cdot\cdot,$ $\alpha_{t}$ ,
$a=- \sum_{j=1}^{f}\frac{1}{\alpha j}$
, $P$ (T) $C$ .
, $C$ , $P$ (T) $2g$ ( 3.1(1)’). ,
,
$\alpha$ 1 $\alpha 2=\alpha$3 $\alpha 4=\cdots=\alpha$2g-1 $\alpha 2g=\frac{1}{q}$
( , .
[7, p.167] $)$ . , Riemann ,
, :
4.2 $C$ , zeta $P$ (T) . $P$ (T) $\alpha$
$\text{ ^{}-}C$ ,
$| \alpha|=\frac{1}{\sqrt{q}}$
, $C$ Riemann 1





$d+1\leq q+1+2^{g}\sqrt{q}$ $(4\cdot 1)$
, . Hasse-We
. , $\mathrm{C}$ zeta $\mathcal{P}(t)=1+at+\cdot\cdot \mathrm{t}$
, $\mathrm{C}$ $\mathrm{F}_{q}$ $N$
$N=q+1+a$
, $\mathrm{C}$ Riemann
$N\leq q+1+2g\sqrt{q}$ (g: $\mathrm{C}$ ) (4.2)
, Hasse-We . (4.2) ,
( ) . ,
(4.1) , .








4.4 $\lceil \mathrm{E}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{l}$ Riemann .




, $C$ . ,
$n$ , Mallows-Sloane :
$d \leq 2[\frac{n}{8}]+2$ , (4.3)
$d \leq 4[\frac{n}{24}]+4$ , (4.4)
, (4.3) 2 , (4.4) (\Leftrightarrow
, Hamming 4 ) 2 .
Extremal , Mallows-Sloane






$C$ $\mathrm{F}_{q}$ $[n, k, d]$ . $C$ zeta $P$ (T) ,







$\frac{P(T)}{(1-T)(1-qT)}(1-T)^{d+1}\equiv a(\frac{T}{1-T})(\mathrm{m}\mathrm{o}\mathrm{d} T^{n-d+1})$ . (5.1)
. [2, p.63]. 1
, ,
. $a$ (t) $W_{C}$ (x, $y$) , (5.1) 1, $T,$ $|\cdot\cdot$ ,
$T^{n-d}$ $P$ (T) .
5.3 [8, 4, 4] Hamming $C_{8}$ ([4, p.112], [6, p.35] ). 2
, extremal, L, , 1 .
$W_{C_{8}}$ (x, $y$ ) $=x^{8}+14x^{4}y^{4}+y^{8}$ ([6, p.135]),
$a(t)= \frac{1}{5}+t^{4}$










(1) [72, 36, 16] . extremal .
, ([6, p.139]). $\text{ }$ ,
zeta . Duursma , Riemann
([3, p.119], ).
(2) $C_{8}\oplus C_{8}\oplus C_{8}$ . Hamming 3 :
[24, 12, 4] ( $C_{8}3$ ,
“direct sum code” . cf. [5, p.76] $)$ . ,
$\mathrm{I}\mathrm{I}$ extremal . Duursma , Riemann
([3, p.119]).
(3) $C:—C_{2}\oplus C_{2}\oplus\cdots\oplus C2,$ $C_{2}$ [2, 1, 2] 2
, . , MDS 1
. $W_{C_{2}}$ (x, $y$) $=x^{2}+y^{2}$ , $C$ $m$ $C_{2}$ $c$ (x, $y$) $=(x^{2}+y^{2})^{m}$
. Riemann .
$C$ $n=4,6$ extremal $j$ . ,
Hamming 2 (\Leftrightarrow $(x^{2}+y^{2})^{m}(\exists m\in \mathrm{N})$
), .
, . ,
RH Riemann (O), $(\cross)$ ,
( , Hamming 2
“binomial” )
8 $C_{8}$ [8,4, 4] $x^{8}+14x^{4}y^{4}+y^{8}$ $\frac{1}{5}(1+2T+2T^{2})$ $\mathrm{O}$ extremal
( Haenming)type $\mathrm{I}\mathrm{I}$
$8$ $C_{2}\oplus c_{2}\oplus c_{2}\oplus c_{2}$ [8,4, 2] $(x^{2}+y^{2})^{4}-$ $\overline{35}(5-2T^{2}-4T^{3}$ $\mathrm{O}$ binomial
$-4T^{4}+40T^{6})$




24 $C_{8}\oplus C_{8}\oplus\overline{C}_{8}-$ [24,12, 4] $\cross$ type $\mathrm{I}\mathrm{I}$




4 , 4.1 Riemann ,
(cf. (4.1) ). , Riemann ,
, $d/n$ . ,
. 1
$\mathrm{i}\text{ }$ .
6.1 $\Omega=$ $\{\omega 1, \omega_{2}, \cdots, \omega_{2g}\}$ Weil (positive Weil system)
, $(\mathrm{a})\sim(\mathrm{e})$ :
(a) $\omega_{j}\in\Omega$ .
(b) $\omega_{j}\in\Omega$ $\overline{\omega_{j}}\in\Omega$ .
(c) $\omega_{j}\in\Omega$ , $\omega_{j}$ $\Omega$ .
(d) $\omega_{j}\in\Omega$ $|\omega j|=\sqrt{q}$ .
(e) $\frac{(1-(v_{1}T)\cdots(1-\omega_{2}T)}{(1-T)(1-qT)}=\prod_{m=1}^{\infty}(1-T^{m})^{-B_{m}}$ , $B_{m}\geq 0$ .
6.1 , $(\mathrm{a})\sim(\mathrm{d})$ , $\Omega$ Weil . , $\Omega$
zeta $P$ (T) , (d) Riemann .
, $marrow\infty$ $C_{m}$
. ,
62 $m$ $C_{m}$ zeta $P_{m}$ (T) ,
Weil ,
$\lim_{marrow\infty}\mathrm{s}\mathrm{u}^{\mathrm{p}\frac{d_{m}}{n_{m}}\leq\frac{1}{2}-\frac{1}{2\sqrt{q}}}$,





(Mallows-Sloane , (4.4) ) .
, :
63Zeta $P$ (T) Weil .
4.4 , 1 .




( $N:\mathrm{F}_{q}$ , $g$ : ) .
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